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ON THE DIFFERENTIAL EQUATION 

%+f + Py+Q = o. 

By Prof. W. W. Johnson, Annapolis, Md. 

i. The peculiarity of the equation here considered, in which Pand Q are 
functions of x, is its reducibility to a linear form of the second order, namely, 

d 2 w , n dw 
dS +F dJ +Q = °' 

by the transformation y = — -y— . The equation of the first order includes Ric- 

' w dx 

cati's equation, which may, without loss of generality, be written 

f + / = «"; 
ax 

and the reduction to the linear form has been extensively used in the treatment 
of that equation, for example, in Cayley's solution.* The present paper presents 
the relation between the equations in their general forms from quite a different 
point of view. 

2. Starting with the linear equation of the second order 

d % w , n dtv , _ , . 

dx^ +P dx +Q = °' (0 

and denoting -=- by D, let the equation be written in the symbolic form 

(iy + P.D+ Q)w = o; (2) 

and let the attempt be made to solve the equation, by resolving the operator into 
symbolic factors of the first order : for if we can reduce the equation to the form 

[B- 9 (x)][D-f(x)-]w = o, ( 3 ) 

we can, by the successive solution of two linear equations of the first order, ex- 
press w as a function of x. Denote the function f (x) by y. It is readily seen 
that — f (x) must then be P -\- y, so that the equation is 

(£ + P + y)(D-y)w = o, ( 4 ) 

in which y denotes an unknown function of x. This equation is to be identical 
with equation (2); expanding, it becomes 

I?iv 4 P . Dw — (Dy + Py + f)w = o, 

* Phil. Mag., Fourth Series, Vol. 36, pp. 348-351. 
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and comparing this with equation (2) we have for the determination of y 

dy 



dx 



+ f + Py+Q = o. (5) 



an equation of the first order, but not linear. 

3. Suppose now that y is any particular integral of equation (5); then if w 
satisfies the equation 

(D —y)w = o, (6) 

it will plainly satisfy equation (4), that is to say, equation (1). Solving equation 
(6), we find 

fydx ( 7 ) 

w = ce . « / 

Thus to every particular integral of equation (5) there corresponds an integral of 
equation (i), and if we have two particular integrals of (5), j^ and/ 2 , we have two 
independent integrals of (1), and therefore its complete integral 

w = c x e J Jl + V 

without the necessity of solving successively two linear equations as indicated in 
equation (4). But, if we possess only one particular integral y l of (5), then w l 
is defined by (7) , and by putting in (4) 

{D-y x )w = v, (8) 

we have {D -\- P + j/,) v = o ; 

whence v = c, e - fPdx ,-/*<" = ft ,-/>**. 

and finally, by the solution of the linear equation (8), we obtain the complete in- 
tegral 



, C —fPdx dx 

W = C-{W y -\- C{W X I e J j: 



in which the second integral is expressed in its usual form in terms of the inte- 
gral w l , supposed known. 

4. Equation (6) may be written 

I dw d , 
y= wdx=dx X °Z W < ( 6 ) 

thus expressing the integral of equation (5) in terms of that of the linear equa- 
tion (1). Because, therefore, the integral of the latter equation is of the form 

w = c x X x +c 2 X 2 , 
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that of the former is of the form 

c x X x + c 2 X 2 

in which X x and X 2 are functions of x, and X x , X 2 ' their derivatives ; or, putting 
c in place of the ratio c 2 : c x , 

X x ' + cX 2 ' , , 

^ = X+i' (IO) 

which contains, as it should, but one arbitrary constant. The mode in which the 
constant c enters the complete integral is the same as in the special case of Ric- 
cati's equation, and is the characteristic of the form of differential equation under 
consideration. 

5. The equation (5) is no easier of solution in any given case than the linear 
equation (1) of the second order ; so that in general, as well as in the special case 
of Riccati's equation, it is best treated in the linear form. Some of the proper- 
ties of the linear equation are, however, more readily derived from the non-linear 
form (5), which might be called the cognate equation of the first order. For ex- 
ample, if from the equation 

d £+f + Py+Q = o, (5) 

we wish to remove the term Py, by a change of dependent variable, we obviously 
must assume 

y = V-\P; (II) 

and making the substitution we have 

dv_ 1 dP 
dx 2 dx 

or dx + ^ + ^" =0 ' ( I2 ) 

dP 
where Q = Q - \P* - i ^_ . ( I3 ) 

Consider now the equation to which (12) is cognate; viz: — 

_ + o « = o, (14) 

the relation between u and v being, as in (6) , 

d , 

Equation (1 1) gives log w = log u — \\ Pdx, 



-^ + ^-Pv + \P 2 + Pv~hP 2 +Q = o, 
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so that w=e Jy u, 

is the transformation which converts 

into the form (14) which fecks the second term, and Q has the value given in 
equation (13). 
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Divide a sphere by a secant plane into two parts whose surfaces (volumes) 
shall be as 1 : 3. 

SOLUTION. 

Let the secant plane divide the diameter normal to it in the ratio m : n. The 
heights and surfaces of the two zones are respectively 

n ^ in »-. ... j xn n2 rem _ 2 



D, --—D; and — ^f- D\ -^p— D\ 



m + n ' m + * ' m -\- n ' m + n 

The area of the common base of the two segments is 

(tn + tif 

Which values under the given condition, give 

1. For the surfaces, 

[" rrnD 2 TtmnD 2 "| mnD 2 nmnD 2 

•* Y.m -\- n (m 4- nfj m 4- n (m + nf ' 

from which (*j —4 [j] —3 = 0, 

fit 

-=1/7 + 2 = 4-64575+- 



